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We study the orientational relaxation of a spiral pattern around a central defect with topological strength
S= +1 in free-standing smectic films. Instead of a continuous unwinding, a characteristic stick-slip relaxation
is observed, where the elastic anisotropy plays the dominant role for the director anchoring in the vicinity of
the defect. A model derived from nematic continuum theory is used to interpret the experimental observations.
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The dynamics of free-standing smectic films has attracted
much scientific interest in recent decades for mainly two rea-
sons. First, planar free-standing smectic C or C* films with
in-plane flow represent one of the simplest examples of an-
isotropic fluid dynamics, in quasi-two-dimensions. Second,
in films of circular geometry, it is easy to prepare highly
regular director and flow patterns using external mechanical
or electrical fields. There has been a large number of studies
describing flow or orientational relaxation phenomena in
such films, e.g., �1–12�. In particular, the formation and re-
laxation of target and spiral patterns have been addressed
experimentally and theoretically. The c director, marking the
azimuth of the mesogenic tilt in the film plane, describes the
local orientation state. The relaxation of c-director patterns
can be monitored by polarizing microscopy. In this work, we
focus on the relaxation dynamics around a central topologi-
cal defect with strength S= +1. Mathematical treatment of
such structures is particularly simple, owing to the cylindri-
cal symmetry of the c-director field. The observation of the
film at normal incidence with slightly decrossed polarizers in
reflection yields textures of two-armed spirals �Fig. 1�, from
which the director field can be reconstructed. It has been
confirmed experimentally that shear flow coupling to the c
director can be neglected. This is not the case in the geom-
etries of a defect-free target pattern or a central −1 defect
�13�. An interesting aspect of the +1 configuration is the
competition of bulk relaxation dynamics and anchoring of
the c director at the defect. The elastic anisotropy of the
material becomes essential in the vicinity of the center. It
determines the character of the global relaxation, causing a
regular oscillation between two types of solutions.

The first one is equivalent to the dynamics of the defect-
free state described by a linear diffusion equation for the
c-director angle, and exponential relaxation toward the ho-
mogeneous state �3�. In contrast, when the center of the film
is occupied by some macroscopic particle that fixes the c
director, this complete relaxation is inhibited and a stationary
inhomogeneous director pattern is reached; its equilibrium
state is also given by a differential equation �the Laplace
equation in the one-elastic-constant approximation�. In the
case considered here, the relaxation dynamics near the cen-
tral +1 defect oscillates between these two limits. Such
highly nonlinear periodic dynamics is known as stick-slip
motion �e.g., �14–18��. It is found in a widespread variety of
physical systems and everyday life’s observations, like the
excitation of a violin string by a bow, vibrations of a ringing
wine glass �15�, earthquakes �16�, molecular dynamics �17�,

or jamming of granular matter �18�. Here, the rotational vis-
cosity of the material provides the friction term; energy dif-
ferences for splay and bend deformations of the c director
form a potential that hinders c-director relaxation.

We present experimental data and interpret them within a
dynamic model. In addition to the description of the stick-
slip phenomenon, the model provides quantitative access to
the elastic anisotropy of the material.

Experiments have been performed with different smectic
materials, where the observations are qualitatively identical.
Exemplarily, we present results for the material shown in
Fig. 2, with the phase sequence

Crystalline →
65 °C

�SmC2� ↔
59 °C

SmC1 ↔
66.5 °C

isotropic.

The material is nonchiral; the not fully classified phases are a
synclinic �SmC1� and a monotropic anticlinic �SmC2� tilted
smectic phase, respectively �20�. Experiments are performed
in the synclinic phase at 65 °C. Temperature is stabilized
with a Linkam hot stage. The films are observed in an NU2
polarizing microscope �Carl Zeiss� equipped with a charge-
coupled device camera. Images are taken at a constant rate
and processed digitally.

Films are drawn across a circular hole �� 0.48 mm� in a
support frame. The c director favors tangential anchoring at
the meniscus; thus the c-director field necessarily has a total
defect strength of +1. Four electrodes placed on the sample

FIG. 1. �Color online� �a� Geometry of the experiment and defi-
nition of the variables. �b� Reflection image under slightly de-
crossed polarizers �P ,A�. The film appears bright where the c di-
rector is along y, and dark when the c director is along x �see text�.
The image is not stationary; the c director relaxes on a time scale of
minutes. Image width 0.32 mm.
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holder around the film allow one to apply rotating electric
fields. The electric torque winds up the c director �as de-
scribed, e.g., in �1��. Optimum rotation frequencies are a few
hertz and field strengths around 10 kV/m. Since we are only
interested in elastic relaxation, we disregard the behavior in
the electric field and concentrate entirely on the dynamics
after the field is switched off. In most experiments, one ob-
tains a defect-free film center, with a +1 defect located at the
outer border. Then one can approximate the film, disregard-
ing the defect, by a pattern consisting of concentric rings of
constant c-director orientation that relaxes continuously to-
ward a uniformly oriented state �3�. In very few cases, spirals
are formed with an S=−1 defect in the film center �and ad-
ditional defects near the film boundary�. Quite often, how-
ever, one obtains spirals with a single central S= +1 defect.
After the electric field is switched off, the c director quickly
adopts a cylindrically symmetric configuration; its texture is
shown in Fig. 1. Dark brushes of the two-armed spiral mark
regions where the c director is along ±x �horizontal in the
image�; bright areas correspond to regions with the c director
along ±y �vertical in the image�. The intensity variation with
the c-director angle � respective to the polarizer angle �p is
approximately �I�sin2��−� /4−�p�. This optical character-
istic is typical for low-birefringence samples in depolarized
reflected light microscopy �19� images.

It is no coincidence that in the images of Figs. 1 and 3 the
spiral ends in a tangential c-director configuration in the cen-
ter �22�. There is some analogy with the situation where a
small cylindrical particle of radius ri with strong surface an-
choring is trapped in the spiral center. We will discuss this
simpler situation first, in the one-elastic-constant approxima-
tion. The tangential anchoring at the outer boundaries is
taken as the reference, ��R ,��=�R=� /2+�. In the center,
the phase is ��ri ,��=� /2+�+��, with a phase lag �� be-
tween center and meniscus. Since �� is fixed, the spiral
reaches a stationary state before the c director is relaxed to
the all-tangential configuration ��r ,��=�R. When the center
of the spiral is not a particle but an S= +1 point defect, the
situation is more complex. Even though the c director is not
rigidly pinned at a surface, the spiral does not rotate continu-
ously around the center �Figs. 3 and 4�, since bend is ener-
getically favored. Even small differences of the elastic con-
stants Kb for bend and Ks for splay distortions lead to large
energy differences near the defect, and stick-slip dynamics
sets in. Two slip events are shown exemplarily in the two
columns of Fig. 3. Note the concentration of the radial de-
formation near the central defect at constant total phase lag
�� �the spiral arms contract in the center� immediately be-
fore the slips take place.

Figure 4�a� shows a detail of the space-time plot. The
spatial axis corresponds to the cross section marked by the
white line in Fig. 3; it covers approximately one-half of the
spiral diameter. From the optical textures, the known charac-
teristics �I��� and the assumption ��r ,��=��r ,0�+�, the ra-
dial profile of the phase has been determined �Fig. 4�b��. The
first three jumps are the same as in Fig. 4�a�. While the outer
spiral parts show a continuous, nearly uniform relaxation,
there is an alternating sequence of nearly stationary states
and discontinuous jumps near the center; this is particularly
evident in Fig. 4�b�. In the vicinity of the central defect, the
c director in the spiral arms keeps its tangential orientation,
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FIG. 2. Chemical composition of the investigated substance.

FIG. 3. �Color online� Spiral with a central S= +1 defect ob-
served in reflection between slightly decrossed polarizers �diagonal
in the images�. The images in each column are recorded in steps of
4 s in an almost unwound spiral. In the left column, the slip from
the ��=2� to the ��=� spiral is seen. The right column starts 12 s
later, immediately before the last slip �� to 0� takes place. The
vertical white line marks the cross section from which Fig. 4�a�
below has been composed. The film thickness is approximately 30
layers.
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while the c-director field relaxes in the outer parts. Then, in
a quick jump, the central part reorients by an angle �, re-
leases elastic stress in the center, and adopts a tangential
orientation again. In the following period, the spiral readjusts
to the new phase difference and the deformation again con-
centrates in the central part, until another jump is performed.
The plateaus formed near r=0 in Fig. 4�b� reflect the elastic
anisotropy.

The analysis of a simplified dynamic model that assumes
elastic isotropy, Kb=Ks=K, may qualitatively elucidate the
nature of the jumps. The experimental observations show
that flow in the film is absent. The torque balance equation
for director relaxation in nematics can be directly adapted.
Under the usual neglect of inertia, one arrives at the linear
partial differential equation �3�

�2�

�r2 +
1

r

��

�r
+

1

r2

�2�

��2 =
1

D

��

�t
, �1�

with D=K /� and the rotational viscosity �. The solutions of
Eq. �1� that satisfy the boundary condition ��R ,� , t�=�
+� /2 are given by the expansion

��r,�,t� = �s�r,�� + �
k=1

�

�kexp�− Dak
2t/R2�J0�akr/R� �2�

where �s is a stationary solution, and ak are the zeros of the
Bessel function J0. The sum reproduces the target pattern
solution �3�. For a spiral around a fictive central particle with
radius ri and strong tangential anchoring,

�s�r,�� = n�
ln�r/R�
ln�ri/R�

+ �R, �3�

satisfies the boundary conditions at ri and R. Such a spiral
with initial phase lag ��=n� relaxes toward �s, since all
terms of the sum decay toward zero with progressing time.
When the anchoring is strong enough, the torque connected
with the radial derivative �d�s /dr��ri

is compensated, and the
relaxation terminates on approaching �s. The film thickness
d plays no role, since all energies and forces scale linearly
with d.

It is evident that the torque exerted by the c director at ri
increases when the higher terms in the expansion in Eq. �2�
decay and ��r ,�� converges toward Eq. �3�. In case of weak
anchoring and sufficiently high initial distortion n�, the fixed
orientation at ri is finally given up and the director flips by
180°. The relaxation of the new c-director field then contin-
ues toward a logarithmic spiral with the new phase lag �n
−1��. This process provides the explanation of the dynamics
around an S= +1 defect. In the absence of a central particle,
even a small elastic anisotropy becomes essential near the
defect, where the elastic distortion energy diverges. It creates
some energy barrier that can be regarded as an effective an-
choring potential.

The elastic free-energy density f in the immediate vicinity
of the defect, where 	=�−� is approximately constant, can
be written as f = 1

2 �K+
K cos 2	�r−2 where 
K= 1
2 �Ks−Kb�,

K= 1
2 �Ks+Kb�. The integral over a circular area around the

defect gives
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FIG. 4. �a� Space-time plot of the cross section of the optical
images, taken along the white line in Fig. 3. Arrows point at two
consecutive slips in the series. Between the slips, the c director near
the defect remains fixed. �b� Radial director profile ��r ,0� evaluated
from the optical textures; same experiment as in �a�; arrows point to
the same jumps. The different slopes in regions of bend and splay of
the c-director field �dashed lines� indicate that Ks is roughly 4.5Kb.
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FIG. 5. Director angle ��r ,0� as a function of time, calculated
numerically with the assumption Ks=4.5Kb. The time axis is scaled
with �=�R2 /K, and t=0 is chosen arbitrarily.
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F�ri� = �
0

2� �
�

ri

fr dr d� = ��K + 
K cos 2	�ln� ri

�
	

where � is some core radius of the defect, estimated to be
well below 1 m, and ri is a hypothetical radius within
which 	 can be regarded as constant �plateaus near r=0 in
Fig. 4�b��. The 	 dependence of F�ri� is responsible for an
effective tangential anchoring at ri, it can sustain a torque
density of the c director. The torque density actually exerted
in the spiral is given by the radial derivative of �. When the
deformation converges toward the solution �s, the torque
reaches sufficiently high values to overcome the anchoring
potential.

Another qualitative feature for materials with Kb�Ks is a
modulation of the spiral arms in the alternating bend and
splay regions �dashed lines in Fig. 4�b��. The value for Ks /Kb
given in the caption of Fig. 4 has been estimated from the
local variation of the slope d�s /dr far from the center; details
are given elsewhere �13�.

While this discussion is useful for the qualitative expla-
nation of the nature of the observed stick-slip process, a
quantitative comparison of experiment and theory requires
the analysis of the rigorous nonlinear equations with elastic
anisotropy. We introduce the variable u�r�=��r ,��−��R ,��
so that the c director is given by c= (−sin�u+�� , cos�u+��).
The torque balance equation is derived from the standard

free energy density �21� f = 1
2 �Ks�� ·c�2+Kb���c�2�, by

�
�u

�t
=

� f

�u
−

d

dx

� f

�ux
−

d

dy

� f

�uy
, ux =

�u

�x
, uy =

�u

�y
. �4�

We seek a numerical solution of Eq. �4�, using a finite-
element algorithm �FEMLAB software�. The computation
starts with a quadratic profile with maximum deformation
��=�u=10�. After an initial period of the order of 0.35�,
the deformation amplitude has relaxed to 
6�, and the pro-
file no longer depends upon details of the initial deformation.
The further evolution of the calculated phase profile is shown
in Fig. 5.

Although the computed data differ in details from the ex-
periment, the undulations, and in particular the jumps, are
reproduced satisfactorily well. Reasons for slight quantitative
differences in details lie both in certain numerical difficulties
related to the treatment of the equations in the vicinity of the
central defect, and to a minor extent in the neglection of flow
effects. We note that the mean exponential relaxation of ��
is only marginally slower than the relaxation of the k=0 term
in Eq. �2�, i.e., the stick-slip mechanism has little effect on
the overall relaxation dynamics.
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